A simple convex lattice polytope 2 defines a torus-equivariant line bundle L 2 over a toric variety X 2 .
Introduction

The problem
Let 2 be a convex polytope all of whose vertices belong to a lattice M . The question of calculating the number of points of M contained in 2 is a well-known one in convex geometry. The oldest formula appears to be Pick's classical result [18] , valid for arbitrary polygons in 2 dimensions: #(2 ∩ M ) = Area (2) + 1 2 #(boundary(2) ∩ M ) + 1.
Following Ehrhart's work on Hilbert polynomials, Macdonald [14, 15] subsequently generalised Pick's formula to arbitrary n. His formula expresses the volume of 2 in terms of the number of lattice points of its' multiples k2 for finitely many integers k. Although these formulae are valid for arbitrary (non-convex) polygons, they do not give any convenient way of calculating either the volume, or the number of lattice points of 2. A review of this and other problems concerning lattice points can be found in [8, 7] .
From an elementary point of view, for large polytopes one expects the volume to be a good approximation to the number of lattice points, so that one can imagine a general formula of the form number of points = volume + correction terms (1) where the corrections terms are negligible in the large limit. The formula we present here is however quite different in nature.
The results
Given a parameter ζ, to each extreme point α of a simple convex polytope 2, we associate a rational number depending the local geometry of 2 at α. Their sum is independent of ζ and yields the number of lattice points in 2 (Theorem 9). Our main formula (Theorem 6) is more general, since it expresses not just the number, but which points of the lattice belong to the polytope, as a finite Laurent polynomial in n variables (the lattice points corresponding to the monomials via m → x m = x 2 · · · x mn n ). I give an initial form of this using the Lefschetz-fixed point theorem for orbifolds. By expanding in Laurent series this is shown to be equivalent to another formulation (Theorem 7) given by Brion [5] which doesn't involve cyclotomic sums. I use this form to calculate the number of lattice points. The volume of 2 is obtained by taking the leading order terms for finer and finer subdivisions of the lattice. The Laurent series expansions extend Ishida's [10] and provide a convex geometric interpretation of the formula (Theorem 8). This in turn suggests a proof of the formula involving no toric geometry -only convex geometry and elementary Laurent expansions. This could be considered as a variation of Ishida's proof [10] based on the contractibility of convex sets.
This paper is an amplification of my 1990 transfer dissertation at Oxford university [20] . This was originally written whilst I was unaware of Michel Brion's 1988 paper [5] , where a toric approach is used to calculate the number of lattice points. There has also been a paper by Ishida [10] where similar Laurent expansions similar to mine are performed. This is the revised version of my original which takes these works into account. Let me briefly mention their relationship to this paper.
Brion relies on the Lefschetz-Rieman-Roch theorem for equivariant Ktheory [3] and obtains theorem 7. He calculates the number of lattice points by subdividing the tangent cones into basic cones. The formula that I obtain using the Lefschetz fixed point theorem involves instead cyclotomic sums for the action of the finite quotient group. By extending Ishida's Laurent series expansions [10] in section 5 of this article, I prove that the two are equivalent, and provide a combinatorial interpretation of the formula. It is also not necessary for me to subdivide the tangent cones in order to obtain a formula for the number of lattice points.
The method
Our main tool is the theory of toric varieties. This associates a holomorphic line bundle L 2 over a complex orbifold X 2 to any n-dimensional simple polytope 2 on a lattice M . The variety comes equipped with the action of an algebraic n-torus T N (the character group of M ) and L 2 is equivariant with respect to this action. Its cohomology is trivial in positive dimension, whereas its space of sections is naturally isomorphic to a vector space generated by the lattice points in 2.
In [4, 13] , the Rieman-Roch theorem is used to calculate the number of lattice points in 2. This yields a formula similar to equation (1) above. The problem with this approach, however, is that the correction terms are not readily computable.
In this paper I follow an idea of Atiyah and exploit the torus action. I apply Atiyah & Bott's Lefschetz fixed point theorem [1] -suitably extended to orbifolds [11] -to the (geometric endomorphism induced by the) action of t ∈ T N on the d ′′ -complex of L 2 . The d ′′ -complex is elliptic [2] and its cohomology groups are (canonically isomorphic to) those of (X 2 , L 2 ). The fixed points of the torus action on X 2 correspond to the extreme points of 2. The Lefschetz theorem in this case expresses the equality between the Lefschetz number (an element of C[M ]) and the sum of the indexes ν α for α in the set of extreme points. The ν α define elements of C(M ). The formula I obtain initially involves sum over the characters of the finite abelian groups which charaterise the singularities at the points P α ∈ X 2 corresponding to α ∈ ext 2. By studying characteristic series for cones in section 5 I eliminate the summation over group elements.
If one restricts t to the one-parameter subgroup of the torus determined by an element ζ of its' Lie algebra one obtains an equality between a polynomial and a sum of rational functions in one variable. When t → 1 the polynomial tends to the the number of lattice points of 2, and this is given by the sum of the constant terms in the one variable Laurent series for the rational functions: this gives theorem 9. By identifying the coefficient of the leading order terms in the asymptotic expansions of the formula for submultiples of the lattice -the 'classical limit' in quantum terminology -I derive a formula for the volume of 2 in Theorem 10.
I review the toric geometry results I shall need in the first part of this paper. The reader who is familiar with the notation in Oda [17] can GOTO PART II, which contains the application proper.
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Notation
Throughout this paper, let N ∼ = Z n denote an n-dimensional integral lattice, M ∼ = hom Z (N, Z) it's dual and N R = N ⊗ Z R its' associated real vector space.
If A is any commutative ring with identity and S any additive semigroup, we write A[S] for the group algebra of S with coefficents in A; this is generated by elements e(s) for s ∈ S satisfying the relations e(s)e(s ′ ) = e(s + s ′ ). We write A(S) for its total quotient ring (i.e., its' field of fractions if A = C).
Occasionally I choose coordinates t i for T N . This is equivalent to choosing generators n i for N . I denote the dual generators by m j ∈ M . Then if α ∈ M and z ∈ T N have coordinates (α 1 , . . . , α n ) and (z 1 , . . . , z n ) with respect to the appropriate bases we have
This identifies C[M ] with the Laurent polynomials in the variables t i .
Part I Toric Geometry
The theory of toric varieties establishes correspondances between convex geometry in n real dimensions and the geometry of compactifications of n-dimensional complex tori. I refer to [12, 17, 6] . Briefly, there is a functor that associates, to a pair (N, Σ) (where Σ is a fan in N ), an irreducible normal Hausdorff complex analytic space X N,Σ . A convex polytope 2 in M determines a unique fan Σ in N , and we set X 2 = X N,Σ . The polytope contains more information than simply its cone structure, and this determines a piecewise linear function h = h 2 on the support |Σ| ⊂ N R of Σ. This corresponds under the functorial construction above to an equivariant line bundle L h on X N,Σ , which we denote by L 2 .
1 Cones and Affine Toric Varieties
Cones
Let V denote a vector space and V * its dual.
A cone in a vector space V is a finite intersection of half-spaces in V . Cones are always convex and polyhedral. I shall take them to be also strongly convex, namely such that they do not contain any proper subspace of V .
For v 1 , . . . , v k ∈ N R , let v 1 , . . . , v k denote the smallest cone containing v 1 , . . . , v k . Any cone is generated in this way. A cone is said to be simplicial if it can be generated by linearly independent elements of N R . If it can be generated by part of a Z-basis of N , then the cone is called basic. Finally, a cone is said to be integral with respect to N if it can be generated by elements of N . When we speak of a cone in a lattice N we mean a cone in N R which is integral with respect to N . I only consider such cones henceforth.
The dimension of a cone is the dimension of the subspace it generates. By the interior of a cone we usually mean the relative interior in the subspace it generates.
Duality
Given a subset A ⊂ V its dual A ∨ ⊂ V * is defined by: For a proof of all the results regarding cones, see [19] . A summary of the results I require will be found in [17] .
Affine Toric Varieties
Let σ be a cone in N . Recall [17, Prop. 1.1] that the subset of M given by
is finitely generated as an additive semigroup, generates M as a group, and is saturated. Such semigroups are in one-one correspondance with cones in N .
Denote by U σ = U N,σ the set of semigroup homomorphisms from (S σ , +) to (C, ·), namely
This can be given the structure of an n-dimensional irreducible normal complex analytic space by choosing generators m 1 , . . . , m p for S σ and embedding U σ in C p via the evaluation maps ev(m i ) : u → u(m i ) on the generators m i . The structure is inherited from the usual structure on C p and is independent of the generators chosen. In other words, U σ is just equal to the (set of points of the) affine scheme Spec(C[S σ ]). Identifying U σ with its C-points corresponds to identifying ev(m) with e(m). I spend little effort making the distinction. The following proposition is easy to show [17, Th. 
Given this, one constructs collections of cones (called fans) which have the property that their corresponding varieties fit together in a natural way:
Definition 2 A fan in N is a collection Σ = {σ : σ a cone in N } satisfying the following conditions:
• if τ is a face of σ and σ ∈ Σ, then τ ∈ Σ.
• σ ∩ σ ′ is a face of both σ and σ ′ , for all σ, σ ′ ∈ Σ.
The set of cones of Σ of dimension k is called the k-skeleton of Σ and is denoted Σ (k) . The union of all the cones of Σ is called the support of Σ and is denoted |Σ| ⊂ N R . 
Theorem 1 The toric variety associated to (N, Σ) is the space obtained by gluing together the affine varieties
The torus action
The torus T N acts on U σ by (t · u)(m) = t(m)u(m), and this gives an action on X N,Σ . For σ = {0}, one has U {0} = T N , and the action coincides with group multiplication on the torus.
The T N -orbits on X N,Σ are given by the quotient algebraic tori
for each τ ∈ Σ. The orbit corresponding to τ has dimension equal to the codimension of τ in N R . It is also easy to see that U σ decomposes as the disjoint union of the orbits corresponding to its faces, and that orb(σ) is the only closed orbit in U σ . I record a special case of this for later use:
The fixed points of the T N action on X N,Σ are in one-one correspondance with the orbits orb(σ) ∈ U σ , for the cones σ in the n-skeleton Σ (n) .
Functoriality
Recall the following characterisation of toric varieties:
X is a toric variety if and only if it is an irreducible normal variety, locally of finite type over C, with a densely embedded torus whose action on itself extends to the whole variety.
The assignment (N, Σ) → X N,Σ is a functor of categories:
Theorem 2 [17, page 19] A map of fans
φ : (N ′ , Σ ′ ) → (N, Σ) gives rise to a holomorphic map φ * : X N ′ ,Σ ′ → X N,Σ
whose restriction to the open subset T N ′ coincides with the homomorphism of algebraic tori
Conversely any holomorphic map ψ : X ′ → X between toric varieties which restricts to a homomorphism χ : T ′ → T on the algebraic tori T ′ and T in such a way that ψ is χ-equivariant corresponds to a unique Z-linear homomorphism f :
Finite Quotients
I will be interested in the case when N ′ is a Z-submodule of N of finite index and Σ ′ = Σ. I write X ′ and X for the corresponding varieties:
Proposition 3 With the data as above, X ′ → X coincides with the projection of X ′ with respect to natural action of the finite group Recall first some basic notions of convex geometry.
A convex polytope 2 in a vector space V is a bounded intersection of a finite number of affine half-spaces of V . The set of extreme points of 2 is denoted ext 2. Since 2 is bounded, it is equal to the convex hull of ext 2.
By a polytope on the lattice M we mean a polytope in M R such that ext 2 ⊂ M . Suppose 2 is such a polytope, and let α be an extreme point. I define the (tangent) cone of 2 at α to be the cone C α in M given by:
Let λ i α , i = 1, . . . , k be the shortest generators for C α which belong to the lattice M . I call these the edges of 2 emanating from α, or simply the edge vectors for 2 at α. If C α is simplicial (respectively, basic), then 2 is called simple (respectively, basic) at α. Henceforth, all the polytopes we consider are convex, integral and simple at all extreme points. They may be non-basic.
Toric Varieties Defined by Polytopes
The Fan Defined by a Polytope
The construction of C α described in the previous section can be generalised to show that a polytope 2 in M defines a complete fan in N . To each face Γ of 2 we associate the cone C Γ in M defined by
where m Γ is any element of M strictly in the interior of the face Γ. If F = {α} we set C {α} = C α , as defined previously in equation (3) . Taking duals one obtains a collection of cones in N
One has the following easy lemma:
Lemma 3 Σ 2 is equal to the fan consisting of the cones σ α = C α ∨ , for α ∈ ext 2 and all their faces. It is complete, and its n-skeleton is Σ (n) = {σ α : α ∈ ext 2}
The Variety Defined by a Polytope
I define X 2 to be X Σ , for Σ = Σ 2 . By [17, Theorem 2.22], X 2 is an orbifold (i.e., it has at worst quotient singularities) if 2 is simple.
Proposition 4
The variety X 2 is compact, and is covered by affine pieces (2)). Furthermore, when U α is non-singular, the weights of the T N action on the tangent space T Pα U α are given by the edges vectors for 2 at α.
Proof:
The first claim follows directly from theorem 1 and lemmas 2 and 3. For the second part, observe (prop. 2 and 1) that U α is non-singular if and only if the edge vectors at α generate M as a group. The semigroup C α is then free on these generators. They correspond to the weights of T N on U α , and hence, by linearity, to the weights on T Pα U α .
Equivariant Line Bundles
The polytope 2 contains more information than the fan Σ 2 . This extra information turns out to be exactly what one needs to specify a T N -equivariant line bundle L 2 over X 2 .
Line Bundles and Piecewise Linear Functions
In general (equivalence classes of) equivariant line bundles over X N,Σ are in one-one correspondence with the space P L(N, Σ) of piecewise linear functions on (N, Σ), namely functions h : |Σ| → R that are linear on each σ ∈ Σ and which take integer values on the integer points of |Σ|.
Defining an element h ∈ P L(N, Σ) involves, by definition, specifying an element l σ ∈ M for each σ ∈ Σ such that h(n) = l σ , n for all n ∈ σ. These elements determine a line bundle L h equiped with a T N -action and whose projection L h → X Σ is equivariant with respect to that action. Note that in general, the elements l σ are not uniquely determined by h, but different choices give rise to equivariantly equivalent bundles.
The bundle L h is defined to be trivial over the varieties U σ , with transition functions given by
The action of T N on the piece U σ × C ⊂ L h is defined by t(x, c) = (tx, e(−l σ )(t)c).
Cohomology
The cohomology groups for equivariant line bundles decompose under the action of T N into weight spaces, and can be expressed as a direct sum (see [17, Th. 2.6] ):
where Z(h, m) = {n ∈ N R : m, n ≥ h(n)}, and H q Z(h,m) (N R , C) denotes the q-th cohomology group of N R with support in Z(h, m) and coefficients in C.
The Line Bundle L 2 The polytope 2 defines a piecewise linear function h 2 on Σ 2 by putting l σα = α (and l σ = α for the faces σ of σ α ). The corresponding bundle is denoted L 2 . Its cohomology is given by [17, Cor.
2.9]
The Polytope Formula 
Then L(T ) = P =f (P ) ν P , where
.
(Recall that since P is a fixed point, φ P and df P are endomorphisms of F P and T P X respectively.)
Application
I apply this to the case where X = X 2 , L = L 2 and f : X → X is given by the action of a non-trivial element of t ∈ T N . The fixed points are simple and are given by P α = orb(σ α ) ∈ U σα , for α ∈ ext 2. The bundle homorphism φ t : t * L → L is given by the action of −t (recall that T N acts on line bundles). The cohomology groups are all zero, except H 0 (X 2 , L 2 ) which is isomorphic to the subspace
In this context, the Lefschetz number is an element of C[M ] and the indexes ν α = ν Pα are elements of C(M ). (As we shall see in section 5, they are characteristic functions for the tangent cones to 2.)
Proof: Recall (equation (5)), that t acts on the fibres of L over U σ by multipication by e(−l σ )(t), where l σ are the elements of M corresponding to L as in 3.3.1. In the present case, at a fixed point P α ∈ U α we have l σα = α, so φ t acts by e(−α)(−t) = α(t).
In the case of a basic polytope 2 in M , applying Theorem 3 directly one obtains:
where
the vectors λ 1 α , . . . , λ n α are the edge vectors of 2 at α.
given by equation (6) shows that the left-hand side of equation (7) is equal to the Lefschetz number of the endomorphism induced by the action of t. Lemma 4 and Proposition 4 yield equation (8).
The Lefschetz Fixed-Point Theorem for Orbifolds
In [11] the Lefschetz formula is generalised to orbifolds (also known as Vmanifolds), using zeta-function techniques. As I do not need the full power of this approach, I present an alternative more elementary argument. The Lefschetz fixed-point formula is essentially local in nature, the formula for the multiplicities ν α only involving the properties of f and φ at the point P α . This fact is clearly apparent in Atiyah and Bott's proof in [1] (see their remarks at the beginning of section 5, and Proposition 5.3). To extend the formula to orbifolds, it is sufficient therefore to extend it to global quotient spaces, of the form X = X ′ /K.
Proposition 5
Suppose that a finite abelian group K acts on a smooth X ′ and equivariantly on a holomorphic bundle 
Then we have
Proof: Note that since T determines an endomorphism of the primed complex, it makes sense to write L ′ (T ). The claim then follows by applying the following easy lemma of linear algebra, recalling that H q (X; F ) is just the K-invariant part of H q (X ′ ; F ′ ). 
Proof: Define P to be the following endomorphism of V :
Then P 2 = P , so P is the projection V → V K . Since T commutes with P , it follows that T respects the decomposition V = V K ⊕ ker P. Furthermore we have trace
so the result follows. Now, given a general orbifold X, at each point P ∈ X, choose a local model (U ′ P , f ′ P , K P , L ′ P ) as follows: Let U P be an f -invariant neighbourhood of P in X and U ′ P be a smooth cover with an action of a finite group K P , free away from P , such that U P = U ′ P /K P . Thus X has a quotient singularity of type K P at P . Let
A line bundle L over X is understood to be an invertible sheaf L over X such that for any P ∈ X with local model (U ′ P , f ′ P , K P ), there exists a line bundle L ′ P → U ′ P such that L| U P = (L ′ P ) K P . With these definitions, our remarks at the beginning of the section and Proposition 5 imply the following:
Theorem 5 Let X be a compact complex orbifold X, F a holomorphic vector bundle over X, f : X → X a holomorphic map with simple fixed points and φ : f * F → F a holomorphic bundle homomorphism. Let L(T ) be the Lefschetz number of the endomorphism T of the d ′′ -complex of F :
, and φ ′ , f ′ are lifts for φ, f respectively, in the same spirit as that of the local models above.
Singular Case
Suppose that 2 is not basic relative to M at α. Then X = X 2 has a singularity at the point P α . Let C α be the cone of 2 at α and let σ α be the dual cone.
Definition 4 I define the dual edge vectors for 2 at α to be the primitive generators of the cone σ α in N . When σ α is not basic, the dual edge vectors do not generate N as a group, but instead a sublattice N ′ α of N of finite index, which I call the dual edge lattice for 2 at α.
The cone σ α is basic with respect to N ′ α , and the corresponding variety X ′ α = X σα,N ′ α is smooth at P α . By Corollary 3, the map X ′ α → X α = X σα,N is the quotient map by the action of the finite abelian group
Here M ′ α is the dual of N ′ α and is naturally a superlattice of M . There is a unique pairing M ′ × N → Q/Z which extends the pairings M × N → Z and M ′ × N ′ → Z. We then use the morphism Q/Z → C × given by the exponential map to identify K α with hom Z (M ′ α /M, C × ). If we identify k ∈ K with the morphism k : M ′ α → Q/Z such that k(M ) = 0, the action is given by
for u ′ ∈ U ′ σ . Since the invariant part of M ′ α under K α is M , the line bundles L α and L ′ α over X α and X ′ α defined by the polytope 2 are related by L α = L ′K α . Equation (6) shows that the cohomology of L α can be identified with the K α -invariant part of that of L ′ α . In summary, (U ′ α , t, K α , L ′ α ) is a local model for X at P α . Applying the Lefschetz formula for orbifolds, one deduces:
and we write e k (λ) for exp(2πi k, λ ). Here, the vectors λ ′1 α , . . . , λ ′n α are the edge vectors of 2 at α in the dual M ′ α of the dual edge lattice N ′ α of definition 4, and K α is the finite abelian group N/N ′ α acting according to equation (10) .
Laurent Expansions
In this section I expand the rational functions ν α away from their poles, i.e., in the domains where |λ i α (t)| is not 1, for i = 1, . . . , n. This has two benefits. Firstly, it produces another formula which does not involve sums over roots of unity. We shall use this in calculating the number of lattice points and the volume.
Secondly it leads us to interpret the formula as a combinatorial statement, decomposing the (characteristic polynomial for the) polytope 2 as an algebraic sum of the (characteristic series for the) cones C α for each extreme point. Ultimately this could be used to prove the formula using elementary convex geometric reasoning. We don't attempt this here, as Ishida has already reduced the proof to the contractibility of convex sets [10] .
We begin by some general remarks about characteristic series for convex cones.
Characteristic functions and series for convex cones
We recall some notation, following [10] . Let A be a commutative ring with identity. Recall that A[M ] denotes the group algebra of M generated by Let C be a (strongly convex rational simplicial) cone in M R . We write gen M C = {λ 1 , . . . , λ n } for the primitive generators in M of C. The unit parallelepiped
Here k = |K|, the order of the finite abelian group which is the quotient of the dual lattice N to M by the lattice generated by the primitive generators gen
Definition 6 For C strictly convex, we define the characteristic function for C with respect to M is the following element of A(M ):
For the translate of a cone C by α ∈ M , we set ν M α+C = e(α)ν M C .
Denote by PL
] generated by the set of polyhedral Laurent series:
Ishida proves that the following [10] Proposition 6 There exists a unique
Actually, we have:
Proof: This follows from the remark that any element of m ∈ M can be expressed uniquely as q + x i λ i with q ∈ Q M C ∩ M and x i ∈ N. The existence of ϕ says essentially that we loose no information by passing from the characteristic function of a cone to its' Laurent series, even though the latter might not always have a well defined convergence on all of T N (in the case A = C).
Remark Whereas Ishida [10] uses open cones, we find it more convenient to use closed ones. The correpondence between the two is of course that C ∩ M = ∪ F <C (intF ) ∩ M , where the union runs over the faces of C. 
. Since e k , for k ∈ K, are nothing but the characters of the finite abelian group M ′ /M , we have e k (M ) = |K| and e k (m ′ + M ) = 0, for all m ′ ∈ M . Hence the formula follows.
By the uniqueness of ϕ we deduce that the same equality holds between the characteristic functions of C:
Recovery of Brion's result
We apply the results of the previous section with A = C. Then C[M ] is the affine coordinate ring for the algebraic torus T N and its' field of fractions C(M ) is the ring of rational functions on T N .
The Lefschetz formula is expressing the chacteristic series χ 2 of 2 as a sum of elements of C(M ). The theorem below says that these are simply the characteristic functions for the tangent cones of 2 at its' extreme points. See [5, Théorème 2.2] Theorem 7 Let 2 be a simple convex polytope 2 in M . Denote by C α its' tangent cone at α ∈ ext 2. Then we have
Proof: By theorem 6 we have
Cα , which by the corollary of the previous section is nothing but ν M Cα .
Laurent expansions of ν C and their domains of validity
We take A = C and give all the different possible Laurent expansions of ν M C for a cone C. When we attempt to evaluate these on elements of T N these series only converge on certain open subsets which we specify here.
The expansions
We adopt the same notation as in section 5.1. The primitive generators of
Proof: Applying the elementary expansion (valid for |z| < 1)
Since the series is convergent, one has
and the result follows from the proof of proposition 8.
There are in fact 2 n different possible expansions for ν α (t) depending on whether we expand about λ ′i α (t) = 0 or ∞, each expansion being valid for |λ ′i α (t)| < 1 or > 1 respectively. Notation: Let s be an n-tuple s ∈ {±1} n . As a shorthand, I will write:
I also write λ ′ α for the cone λ ′1 α , . . . , λ ′n α . I define the quantity s − · λ ′ α by:
An element m ∈ M ′ defines a region T m of T N ′ by:
I also write, for a cone C in M ,
Thus, for example,
Proposition 10 (General Expansion) Given s ∈ {±1} n , we have, for
Proof: In order to expand ν α when, for some i, we have |λ ′i α (t)| > 1, I use the other expansion of (1 − z) −1 , valid for |z| > 1:
The result follows in the same way as the basic expansion. Note that compared to the basic expansion, the cone whose characteristic series we end up with undergoes a reflection plus a translation:
This is due to the shift from 1 + z + z 2 + · · · to −z 1 − z 2 − z 3 − · · ·.
Consistency of expansions
It doesn't make sense to expand all the ν α according to (14) because the variable t can't satisfy the condition |λ ′i α (t)| < 1 for all i and α. For one thing, if α and β are two extreme vertices of 2 connected by an edge, we will have λ ′i α = −λ ′j β for some i and j, so that |λ ′i α (t)| < 1 ⇐⇒ |λ ′j β (t)| > 1. I we can find a domain for t ∈ T N ′ such that all the expansions we perform are valid at the same time, then when we sum up all the ν α (t), all but a finite number of terms in the infinite series cancel, and we get the characteristic polynomial χ 2 evaluated on t.
For each β ∈ ext 2, we choose an element s β ∈ {±1} n , and expand according to (15) . We require that the set
be non-empty. I turn next to the necessary conditions for this to be so.
Neccessary conditions for a consistent expansion
The above requirement implies, for instance, that if λ ′i α = −λ ′j β , as it happens for ajdacent vertices, then s α i = −s β j . This can be thought of graphically as choosing a direction for each edge of the polytope 2 and sticking to it throughout the expansion. For each vertex α if the i-th edge is pointing into α then we set s α i = −1, if it is pointing out, we set s α i = +1. Another necessary condition is that we choose s α = (1, 1, . . . , 1) for some α ∈ ext 2. This can be seen easily, if one thinks for a moment of decomposing χ 2 as a sum of characteristic series for cones:
where the cones C ′ β are obtained from the tangent cones C β eventually by the 'reflection + translation' process prescribed in the general expansion in proposition 10 and the sign is determined by the number of reflections specified by s β . One of the cones involved must be C α , for some α ∈ ext 2. It will have all of its' edges pointing outwards in the above orientation and will correspond to the characteristic series +χ Cα∩M . I will call this the base vertex for the expansion.
The non-emptiness requirement above then implies that the following condition on the orientations be satisfied:
Orientation condition Let λ ′i α for i = 1, . . . p be any set of edges emanating from α that have been oriented so that they are all outgoing with respect to α. Then we require that for all β = α,
In words, this says that if an edge λ ′j β is a linear combination, all of whose coefficients are of the same sign or zero, of oriented edges λ ′i α all going outwards from a given vertex α, then it should be oriented in the direction which includes it in the cone spanned by these outgoing edges. This is because, if it were oriented oppositely, it would mean that T λ ′1 α ,...,λ 
Domain of validity of simultaneous expansions
It is always possible to choose at least one orientation of the edges of 2 which satisfies the orientation condition (18) . Suppose we have chosen such an orientation. For what values of t ∈ T N is it valid ? In order to answer this, let us first make some remarks about the regions T C ⊂ T N , for C a cone in M .
It is helpful, to describe T C , to decompose T N as CT N ×H, corresponding to the Lie algebra decomposition t C = t⊕it. By identifying the second factor in the Lie algebra decomposition with N R , we have the exponential map
Proof: The interior of C ∨ is the set of n ∈ N R such that n, c > 0, ∀c ∈ C.
Under the exponential map, the orbit CT N × {−n} corresponds to an orbit of constant modulus strictly less than 1.
From this, we see that
If we respect condition (18), we see that β∈ext 2 s β λ ′ β never contains a whole subspace, so that σ is non-zero. The expansion determined by s β for β ∈ 2 is thus valid in the region T σ ⊂ T N given by equation (19) .
Elementary convex geometric interpretation
According to the work we have done in the previous sections, one can prove the extreme point formula as follows:
Begin by orienting the edges of 2 such as to respect condition (18) . This defines a cone (with a sign) for each extreme vertex, according to proposition 10, and the algebraic sum of their characteristic series should yield the characteristic polynomial for the polytope 2. If one can prove this for one admissible orientation of the edges of 2, then the formula for the characteristic functions follows by the existence of Ishida's C[M ]-homomorphism in the previous section. This gives a proof of the formula involving only elementary convex geometry. We won't bother with this, as Ishida [10] already gives a proof which reduces the problem to the contractibility of convex sets.
Instead we can deduce the following result in convex geometry:
Theorem 8 For all orientations {s α } of the edges of 2 satisfying the orientation condition (18) we have
where ± = i (s α ) i and
Number of Lattice Points and Volume
In this section I expand the functions ν α (t) around t = 1 and derive formulae for the number of lattice points and volume of 2.
The Number of Lattice Points
Equation (13) expresses an equality between the finite Laurent polynomial determined by 2 and a sum a rational functions. When evaluated on t ∈ T N with t → 1 the left-hand side tends to the number of lattice points of 2 whereas on the right-hand side the rational functions may have poles. I choose a one-parameter subgroup {exp(sζ) : s ∈ R} determined by some element ζ of the Lie algebra t of CT N . Substituting exp(sζ) for t, the formula reduces to an equality between rational functions of s -provided I choose a one-parameter subgroup that does not coincide with the singular loci of the ν α . For generic ζ, the functions ν 2 α,ζ : s → ν 2 α (e sζ ) can expanded in Laurent series:
and their sum as s → 0 is obviously given by the sum of the constant terms ν α,ζ,0 in each expansion. Denote by C α the tangent cone of 2 at α ∈ ext 2, and by λ i α for i = 1, . . . , n, its' primitive generators in M . The semi-open unit parallelepiped determied by the generators of C α in M is denoted
We have
The zero-th order term in the expansion of ν 2 α,ζ (s) is a homogeneous function of ζ, which is equal to:
which gives
where T k are the Todd polynomials, homogeneous polynomials of degree k whose coefficients can be expressed in terms of the Bernoulli numbers [9] . They are defined by the formal series
. 
Remark 1 It might be more convenient in some cases to subdivide the tangent cone into non-singular cones. One obtains a similar formula (see [5, Théorème 3 .1]).
Remark 2 Putting t = exp(sζ) corresponds to considering the Lefschetz number for the action of the one-parameter subgroup G ζ of CT N generated by ζ ∈ t = Lie CT N . Generically this has a dense orbit, and therefore the same fixed points on X as the whole real torus CT N , and so the Lefschetz formula for G ζ is the same as that obtained by substituting exp(sζ) for t. This is not true of course when ζ, λ α i = 0, for some i and α. Indeed in that case the group G ζ has whole circles of fixed points. Restricting to G ζ corresponds to projecting the vertices and edges of 2 onto the hyperplane in M R defined by the form ζ ∈ N R .
The Volume
The "Classical Limit"
In the introduction I mentioned the fact that for larger and larger polytopes (or finer and finer lattices) the number of points is asymptotically equal to their volume -I call this "the classical limit" by analogy with the limit → 0 in quantum mechanics. More precisely, for any n-dimensional polytope 2, the volume of 2 is given by vol n (2) = lim
Indeed [15] , the function
is a polynomial of degree n, for k ∈ N, with leading coefficient vol n (2), and is called the Hilbert polynomial for 2. The polynomial H 2 is in fact equal to the Hilbert polynomial H (X2,L2) for the pair (X 2 , L 2 ), namely
This follows from equation (6) and because taking tensor powers L ⊗k 2 of L 2 corresponds to taking multiples of kN of N , and hence submultiples k −1 M of M . Proof: The proposition follows from taking the coefficients of the k n terms in theorem 9 applied to the polytope k2. Note that ext k2 = k(ext 2) and that C k2 kα = C 2 α . Note that the order |K α | of the singularity at α is equal to the cardinality of Q α ∩ M . See [5, Corollaire 2].
The Riemann-Roch approach
The volume of 2 appears if one uses the same geometric approach based on the d ′′ -complex but directly applies the Riemann-Roch theorem, instead of computing the Lefschetz number for the action of t ∈ T and then letting t → 1.
The Riemann-Roch theorem expresses the Euler characteristic of a holomorphic vector bundle E over a complex manifold X in terms of characteristic classes of E and (tangent bundle to the) X: χ(X, E) = {ch(E) · T (X)}[X],
where ch(E) and T (X) are the Chern character of E and the Todd class of X, respectively. If E has rank n and c 1 , . . . , c n denote the characteristic classes of E then the Chern character can be defined by the power series (Presumably, there is some relationship between these and the Todd polynomials of theorem 9 which in this case exhibits the Riemann-Roch formula as the "classical limit" of the Lefschetz fixed point formula.) By multiplying the two series selecting the terms of order n and evaluating them on [X], we get χ(X, L 2 ) = vol n (X) + lower order terms,
where the "lower order terms" are terms involving powers of ω of order less than n. Again, because refining the lattice M corresponds to multipying ω, we see that χ(X, tL 2 ) is given asymptotically by vol n (X)t n .
